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ABSTRACT
Hidden symmetries of the Goryachev-Chaplygin and Kovalevskaya gyrostats
spacetimes, as well as the Brdicˇka-Eardley-Nappi-Witten pp-waves are studied.
We find out that these spacetimes possess higher rank Sta¨ckel-Killing tensors
and that in the case of the pp-wave spacetimes the symmetry group of the
Sta¨ckel-Killing tensors is the well-known Newton-Hooke group.
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1 Introduction
Hidden symmetries have been studied intensely since it was discovered that the
associated rank-2 Killing-Yano and Sta¨ckel-Killing tensors help separate the
Dirac equation and the Hamilton-Jacobi and Klein-Gordon equations in var-
ious backgrounds, from the Kerr metric to more recently the Kerr-NUT-AdS
spacetime [1 and references therein]. Recently a number of cases have been iden-
tified of spacetimes that admit higher rank irreducible Sta¨ckel-Killing tensors
- namely the Eisenhart lifts[2] of integrable systems Goryachev-Chaplygin[3,4],
Kovalevskaya tops[5,6] and a pp-wave supersymmetric spacetime[7].
The classical problem of how many integrals of a geodesic flow exist for a given
metric was posed since Whittaker, who proved that such an integral is equivalent
to existence of an integral polynomial in momenta. Finding the integrals is a
hard problem, since the integrals are usually analytic only on T ∗(M)\M . Else-
where [8] Cartan’s prolongation-projection scheme is used to find integrals of
motion that are quadratic in momenta. We are going to follow the approach dis-
cussed by van Holten [9] and Visinescu [10] for finding higher degree polynomial
constants of motion- for motion of particles in external fields- the case discussed
here is the Brdicˇka-Eardley-Nappi-Witten pp-wave[11, 14, 15]. For constants of
motion to exist in the case of particles in external fields, the symmetries of the
metric and those of the external fields have to match.
The Eisenhart lifts studied recently[7] have well-known integrable rigid-body
system dynamics and their quantum analogs are constructed based on well-
known group behavior- as for instance is the case with the Goryachev-Chaplygin
top and the E(3) group that describes its quantum behaviour. Another well-
known Liouville integrable system is the Kovalevskaya top- studied in its clas-
sical aspects beginning from the end of the nineteenth century.
In this paper we look at other integrable systems: the Goryachev-Chaplygin[12]
and Kovalevskaya gyrostats [13] - (GCG) and (KG) respectively, their quan-
tum counterparts and the corresponding lifted spacetimes. In close resemblance
to their top cousins, they exhibit hidden symmetries governed by higher rank
Sta¨ckel-Killing tensors, which are the lifted constants of motion in the classical
case. The gyrostat terms added to the (classical) quadratic Hamiltonian do not
modify the Poisson brackets algebra from that of the top case, and again the
hamiltonian can be considered as generating the geodesic flow of a (pseudo)-
Riemannian metric. The Schouten-Nijenhuis algebra of the Killing tensors in
the lifted spacetime will be the same as the Poisson algebra of the constants of
the motion for the original dynamical system. The degree of integrability of the
dynamical systems is unchanged by the dynamical lift.
For (GCG) the separation of variables is based on the connection between the
degenerated representation of the E(3) group and the special representation of
the SO(3,2) group. The SO(3,2) has a semisimple subgroup SO(2,2), which is a
dynamical group for (GCG). For (KG) the integrals of motion were constructed
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on o(4), e(3) and o(3,1) Lie algebras[13]. Here we work with the case where the
Lie algebra is e(3).
The Brdicˇka-Eardley-Nappi-Witten pp-wave results from an Eisenhart lift of a
general class of pp-wave solutions to the Einstein-Maxwell equations, requir-
ing that the electromagnetic tensor is covariantly constant. Later the same
spacetime was constructed by Nappi and Witten as the target space of a Wess-
Zumino-Witten conformal field theory. This spacetime is completely homoge-
neous and is a bi-invariant metric on the Cangemi-Jackiw group, as it has been
shown by Gibbons and Pope[11]. It is shown that this spacetime admits four
rank-3 Sta¨ckel-Killing tensors and that the spacetime of Sta¨ckel-Killing tensors
is symmetrical under Newton-Hooke group.
The paper is structured as follows: sections 2 and 3 are devoted to the (GCG)
- the classical and quantum cases, sections 4 and 5 to the (KG)- the classical
and quantum cases and section 6 to the pp-wave spacetime. We end with
conclusions.
2 The classical Goryachev-Chaplygin gyrostat
We consider the generalization of the integrable classical Goryachev-Chaplygin
top, the (GCG). The hamiltonian differs from that of the corresponding top
by linear terms in the body frame, depending additionally on λ, a constant
arbitrary vector, the gyrostatic moment:
HGCG =
1
2
(m21 +m
2
2 + 4m
2
3) + α
2sinθsinψ − 2m3λ+ 2λ2 (1)
and the corresponding constant of motion -
KGCG = (m3 − 2λ)(m21 +m22 +
1
4
)− α2m2cosθ (2)
and m1,m2,m3 are as follows:
m1 = −sinψpθ − cosψcotθpψ, m2 = cosψpθ − sinψcotθpψ, m3 = pψ.
(3)
This generates the geodesic flow of the 4-dimensional metric of this spacetime
with Killing vector fields k = ∂t and l = ∂s, where l is lightlike and covariantly
constant:
g = (−2α2sinθsinψ − 8λ2)dt2 + 2dtds+ dθ2 + dψ
2
cot2θ + 4
− 1
8λ
dψdt. (4)
The lifted classical GCG hamiltonian is -
HGCG = (m21 +m22 + 4m23) + 2α2sinθsinψp2s + 2pspt − 2m3λps + 2λ2p2s (5)
3
and the lifted (in 4 dimensions) classical Sta¨ckel-Killing tensor is-
KCGC = m3(m21 +m22)− α2p2sm2cosθ − 2λ(m21 +m22)ps −
λ
2
p3s +
1
4
m3p
2
s (6)
with components
Kθθψ =
1
3
, Kθss = −α
2
3
cosψcosθ, Kψψψ = cot2θ, (7)
Kψss =
α2
3
cos2θsinψ
sinθ
+
1
4
, Kθθs = −2λ, Kψψs = −2λcot2θ. (8)
One may verify that this tensor satisfies the Killing equation: ∇(aKbcd) = 0.
Among the properties of this spacetime: it isn’t Ricci flat and the Ricci scalar
does not vanish; consequently, it does not admit a Killing spinor according to
the classification of manifolds that admit Killing spinors.
3 The quantummechanical Goryachev-Chaplygin
gyrostat
The quantum mechanical top and gyrostat has been studied by Komarov and
collaborators in a number of papers (see ref. [12] and refrences therein) The
quantum mechanical hamiltonian reads (cf [12]):
HˆGCG =
1
2
(J21 + J
2
2 + 4J
2
3 )− α2x2 + 8λJ3 + 4λ2. (9)
The KˆGCG operator for the Goryachev-Chaplygin gyrostat reads:
KˆGCG = J3(J
2
1 + J
2
2 )−
1
4
J3 − 1
2
α2(J2x3 + x3J2)− 2λ(J21 + J22 ) +
λ
2
. (10)
Applying the Eisenhart lift to the above hamiltonian gives the following one in
5 dimensions with the following metric (with notations in [7]):
gGCG = 2dsdt+ 2(4λ
2 + α2x2)dt
2 − 16λdsσ3 + (σ1)2 + (σ2)2 + 1
4
(σ3)2, (11)
HGCG = (J21 + J22 + 4J23 )− 16λJ3∂s + 2(4λ2 + α2x2)∂2s + 2∂s∂t. (12)
And the lifted KGCG operator that commutes with this hamiltonian reads:
KGCG = J3(J21 + J22 )−
1
4
J3 − α
2
2
{x3, J2}∂2s − 2λ(J21 + J22 )∂s +
λ
2
∂3s . (13)
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Moreover, this operator can be written as:
KGCG = KabcGCG∇a∇b∇c +
3
2
(∇aKabbGCG)∇b∇b −
1
2
Kab(GCG)a∇b (14)
andKGCG is a symmetric rank 3 tensor with the following non-zero components:
K113 = K223 =
2
3
, K11s = K22s = −4λ
3
, (15)
K2ss = −2α
2
3
x3, K
sss =
λ
3
. (16)
Introducing the basis:
Ls = ∂s, Lt = ∂t, L1 = J1, L2 = J2, L3 = J3 − λ, (17)
one finds that the tensor satisfies ∇(aKbcd)GCG = −α2L(as Lbs(∂φ)cLd)1 , which if pφ
vanishes, gives the Killing equation.
For the naive quantization in 4 dimensions of the lifted classical case, we get:
HˆGCG =
1
2
(j21 + j
2
2 + 4j
2
3)− α2x2 + 8λj3 + 4λ2. (18)
The KˆGCG operator for the Goryachev-Chaplygin gyrostat reads:
KˆGCG = j3(j
2
1 + j
2
2 )−
1
4
j3 − 1
2
α2(j2x3 + x3j2)− 2λ(j21 + j22 ) +
λ
2
, (19)
where we have defined the operators:
j1 = −sinψ∂θ − cosψcosθ∂ψ , j2 = cosψ∂θ − sinψcotθ∂ψ, j3 = ∂ψ (20)
By lifting the hamiltonian and K operators, one finds:
HGCG = (j21 + j22 + 4j23)− 16λj3∂s + 2(4λ2 + α2x2)∂2s + 2∂s∂t (21)
and
KGCG = j3(j21 + j22)−
1
4
j3 − α
2
2
{x3, j2}∂2s − 2λ(j21 + j22)∂s +
λ
2
∂3s . (22)
One can verify that [HCGC ,KCGC ] = 0. Also it turns out that for the GCG
spacetime with the metric given by (3),
✷ = H− 3cotθ
4 + cot2θ
∂θ − 3
4λ
∂ψ. (23)
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4 The classical Kovalevskaya gyrostat
In late nineteenth century Madame Kovalevskaya found and integrated a new
integrable case of rotation of a heavy rigid body around a fixed point. Nowadays
we think of this as an integrable system on the orbits of the Euclidean Lie
algebra e(3) with a constant hamiltonian and a quartic in momenta integral of
motion. We extend the study of this system, dubbed Kovalevskaya top to a
generalization (fluid-filled cavities rigid body- where the Coriolis force becomes
important) - the Kovalevskaya gyrostat (KG).
In this case the hamiltonian writes:
H =
1
2
(m21 +m
2
2 + 2(m3 − λ)2) + α2x1 (24)
and commutes with the constant of motion
K = (m21+m
2
2)
2+4α4(x21+x
2
2)− (4α2x1+8λ2)(m21−m22)−8α2x2m1m2, (25)
where x1 = sinθcosψ and x2 = sinθsinψ. The above mentioned hamiltonian
lifts to:
HGCG = (m21 +m22 + 2m23) + 2α2x1p2s + 2pspt − 4m3λps + 2λ2p2s, (26)
which generates geodesic flow of the following Lorentzian 4-metric-
g = (−2α2sinθsinψ − 16λ2)dt2 + 2dtds+ dθ2 + dψ
2
cot2θ + 2
− 1
8λ
dψdt. (27)
This admits the rank - 4 irreducible tensor K (the lifted constant of motion):
K = (m21+m
2
2)
2+4α4(x21+x
2
2)p
4
s− [(4α2x1+8λ2)(m21−m22)+8α2x2m1m2]p2s,
(28)
with components-
Kθθθθ = 1, Kθθψψ =
1
3
cot2θ, Kssθθ =
2
3
α2sinθcosψ − 8λ2(sin2ψ − cos2ψ), (29)
Kssθψ = −2
3
α2cosθsinψ, Kssss = 4α4sin2θ, (30)
Kssψψ = −2
3
α2cosψcosθcotθ − 8λ2(cos2ψ − sin2ψ)cot2θ. (31)
We find in accordance with [7] that the properties of the (KG) spacetime are
very similar to those of the Kovalevskaya top spacetime and to those of (GCG),
namely it is not Ricci flat and does not admit a Killing spinor. In this 4-
dimensional context also we note that quantum mechanically ✷ 6= H, where H
is obtained by the ’naive’ quantization procedure used in section 3.
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5 The quantum mechanical Kovalevskaya gyro-
stat
The quantum mechanical Kovalevskaya top (KT) was studied in [13] and ref-
erences therein. The integrals of motion for the KT form the basis for the
hydrogen atom. Here we continue to explore higher rank Sta¨ckel-Killing tensors
for the (KT) generalization.
We consider a 5D spacetime for quantization with a metric given by:
gKG = 2(2λ
2 + α2x1)dt
2 + 2dsdt− 8λdsσ3 + (σ1)2 + (σ2)2 + 1
2
(σ3)2 (32)
and a hamiltonian given by [13]-
✷KG = HKG =
1
2
(J21 + J
2
2 + 2(J3 − λ)2) + α2x1 (33)
and a constant of motion operator that commutes with the hamiltonian
KKG =
1
2
{K+,K−} − λ[K+,K−] + (2− 8λ2){J+, J−}, (34)
where J± = J1 ± iJ2, K± = J2± − 2α2x±∂2s and x± = x1 ± ix2. In the basis
Ls = ∂s, Lt = ∂t, L1 = J1, L2 = J2, L3 = J3 − λ, (35)
the five-dimensional rank-4 irreducible Killing tensor KKG is-
KKG = KabcdKG ∇a∇b∇c∇d + 2(∇aKabcdKG )∇b∇c∇d + 3(∇a∇bKabcdKG )∇c∇d (36)
−2KabcKGc∇a∇b −
3
4
KabKGabL
c
3L
d
3∇c∇d (37)
and in components it is-
KssssKG = 4α
4(x21 + x
2
2), K
ss11
KG = −Kss22KG = −2α2x1/3(1− λ), (38)
Kss12KG = −2α2x1/3(1− λ), K1111KG = 3K1122KG = K2222KG = 1− 8λ2. (39)
As it was determined before[13], there is a correlation between the (GCG) and
(KG) cases and their constants of motion. Also note that the Lax pair with
spectral parameter accounts for the gyrostatic term in the hamiltonian.
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6 The Brdicˇka-Eardley-Nappi-Witten pp-waves
We continue to investigate spacetimes that admit higher ranking Sta¨ckel-Killing
tensors, such as the Brdicˇka-Eardley-Nappi-Witten pp-waves spacetime, which
is an exact solution of the Einstein-Maxwell equations. We firstly take a look
at the classical Hamiltonian of the form:
H = 1
2m
gIJ(πI − eAI)(πJ − eAJ ) + V (x) (40)
with V given by-
V =
1
2
mω2
∑
a
r2a +
∑
a,b
V (ra − rb), (41)
which admits a number of Killing vectors according to [11] and four rank three
Sta¨ckel-Killing tensors determined as solutions to the differential equation - fol-
lowing the scheme in [9,10]. They describe hidden symmetries of the spacetime.
One of them has the following components - with notations in [11] for Ω and ν:
Kxaxaxa =
2
m
cos(Ω + ν)t
∂V
∂xa
, Kyayaya =
2
m
sin(Ω + ν)t
∂V
∂ya
, (42)
Kxayaxa =
2
m
sin(Ω + ν)t
∂V
∂xa
, Kyaxaya =
2
m
cos(Ω + ν)t
∂V
∂ya
. (43)
We lift the hamiltonian to:
H˜ = gIJ(πI − e
m
AIπs)(πJ − e
m
AJπs) + 2πsπt +
2
m
V π2s (44)
with the higher dimensional metric-
ds2 = gIJdx
IdxJ +
2e
m
AIdx
Idt+ 2dtdv − 2
m
V dt2, (45)
which becomes in the center of mass frame restricted to z=0-
ds2 = N [dx2 + dy2 + (Ω2(x2 + y2) + ω2z2)dt2] + 2dtds. (46)
This metric is a particular case of the general pp-wave solution to the Einstein
-Maxwell equation that is defined by two arbitrary holomorphic functions. With
notations in[11] this metric is:
ds2 = du(dv +H(u, ζ, ζ¯)du) + dζdζ¯ (47)
and with a coordinate transformation given in [11]- the pp-wave Nappi-Witten
metric becomes-
ds2 = 2du′dv′ + bdu′2 + daidajδij + ǫijdaidu′. (48)
8
.
The lifted rank-3 Sta¨ckel-Killing tensor becomes - the components written above
stay the same and the new non-null components are:
Kxasxa =
2NΩ
m
[xasin(Ω + ν)t+ yacos(Ω + ν)t]
1
∂V
∂xa
, (49)
Kyasya =
2NΩ
m
[xasin(Ω + ν)t+ yacos(Ω + ν)t]
1
∂V
∂ya
. (50)
Note that in [11] and the above metrics t is u, s is v and ζ = x+ iy and so the
above components can be written as- in the center of mass metric:
Kxsx =
2NΩ
m
[
(ζ + ζ¯)
2
sin(Ω + ν)u+
(ζ − ζ¯)
2i
cos(Ω + ν)u]
1
∂V
∂ζ
, (51)
Kysy =
2NΩ
m
[
(ζ + ζ¯)
2
sin(Ω + ν)u +
(ζ − ζ¯)
2i
cos(Ω + ν)u]
1
−i∂V
∂ζ
. (52)
In the Nappi-Witten pp-wave coordinates the components of the 4 rank-3 Sta¨ckel-
Killing tensors are:
Kxxx1 = iK
yxy
1 =
2
m
cos(Ω + ν) u
′√
8C
∂V
∂ζ
, Kyyy1 = iK
xyx
1 =
2
m
sin(Ω + ν) u
′√
8C
−i∂V
∂ζ
, (53)
Kxsx1 = iK
ysy
1 =
2NΩ
m
[
(ζ + ζ¯)
2
sin(Ω + ν)
u′√
8C
+
(ζ − ζ¯)
2i
cos(Ω + ν)
u′√
8C
]
1
∂V
∂ζ
, (54)
Kxxx2 = iK
yxy
2
2
m
sin(Ω + ν) u
′√
8C
∂V
∂ζ
, Kyyy2 = iK
xyx
2 =
2
m
cos(Ω + ν) u
′√
8C
−i∂V
∂ζ
, (55)
Kxsx2 = iK
ysy
2 =
2NΩ
m
[− (ζ + ζ¯)
2
cos(Ω + ν)
u′√
8C
+
(ζ − ζ¯)
2i
sin(Ω + ν)
u′√
8C
]
1
∂V
∂ζ
, (56)
Kxxx3 = iK
yxy
3 =
2
m
cos(Ω− ν) u′√
8C
∂V
∂ζ
, Kyyy3 = iK
xyx
3 =
2
m
sin(Ω− ν) u′√
8C
−i∂V
∂ζ
, (57)
Kxsx3 = iK
ysy
3 =
2NΩ
m
[
(ζ + ζ¯)
2
sin(Ω− ν) u
′
√
8C
− (ζ − ζ¯)
2i
cos(Ω− ν) u
′
√
8C
]
1
∂V
∂ζ
, (58)
Kxxx4 = iK
yxy
4
2
m
−sin(Ω− ν) u′√
8C
∂V
∂ζ
, Kyyy4 = iK
xyx
4 =
2
m
cos(Ω− ν) u′√
8C
−i∂V
∂ζ
, (59)
Kxsx4 = iK
ysy
4 =
2NΩ
m
[
(ζ + ζ¯)
2
cos(Ω− ν) u
′
√
8C
+
(ζ − ζ¯)
2i
sin(Ω− ν) u
′
√
8C
]
1
∂V
∂ζ
, (60)
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where ζ = (a1 − ia2)e iu
′
2 . The K = Ka1a2a3pa1pa2pa3 constants of motion de-
rived from Sta¨ckel-Killing tensors commute with the center of mass hamiltonian
taken in the z=0 frame (planar case) and form a Poisson algebra accordingly:
{Ki,Kj} = Kk, (61)
where i, j, k are circular permutations of 1 to 4. To be noted that the planar
hamiltonian of the system in study admits (see [11]) a six-dimensional Newton-
Hooke symmetry group, which is a Wigner -Ino¨nu¨ contraction of SO(2,2) and
that in particular the Brdicˇka-Eardley-Nappi-Witten metric is bi-invariant on
Cangemi-Jackiw group, so the isometry group of this metric is (CJ ⊗ CJ )/N .
It turns out that the symmetry group of the vector space of all Sta¨ckel-Killing
tensors of the Brdicˇka-Eardley-Nappi-Witten spacetime is actually the Newton-
Hooke group, in getting this we have generalized the considerations in [16,17]. In
[17]-section 3- they define six transformations on the vector space of all Sta¨ckel
-Killing tensors defined on a Minkowski metric. In our case the Minkowski
metric is replaced by the (BENW) pp-wave metric and so the underlying group
becomes a continuous one-parameter family of deformations and after a careful
analysis it turns out to be the Wigner-Ino¨nu¨ contraction of SO(2,2).
7 Conclusions
We reviewed the Goryachev-Chaplygin and Kovalevskaya gyrostats spacetime
and the (BENW) pp-wave spacetime. The underlying E(3) group structure for
(GCG) and (KG) spacetimes is presented and used to determine higher order
Sta¨ckel-Killing tensors as Eisenhart lightlike lifts of the constants of motion of
the classical integrable systems. The corresponding quantum cases are consid-
ered. In general the wave operator must be augmented by quantum corrections
which are not always expressible in purely geometric terms. It is pointed out
the resemblance of the gyrostat cases to the corresponding top cases, where the
hamiltonians differ only by a few linear terms in the body frame.
The Brdicˇka-Eardley-Nappi-Witten spacetime is governed by the Cangemi-Jackiw
group (the metric is bi-invariant on this group) as it was shown elsewhere and
displays a number of Killing vectors and higher rank Sta¨ckel-Killing tensors,
which were determined using an algorithm similar to the van Holten algorithm
in[9]. It is pointed out that the spacetime of the associated Sta¨ckel-Killing group
is the Newton-Hooke group.
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